A particular Riemannian metric which originally has been obtained for a well-known coordinate system in the Euclidean 3-space, is shown to specify, in fact, a manifold with boundary. There are two ways to make the manifold complete. One is to identify two halves of the boundary that turns the manifold into Euclidean 3-space as it was done originally. Another is to identify boundaries of two copies of this manifold, that yields a complete manifold which consists of two copies of Euclidean 3-space connected through a round disk. In general relativity this kind of connection is called 'loop-based wormhole'. The straightforward calculation of curvature from the metric specified yields an erroneous result, due which the curvature is zero, that is impossible because a manifold with this structure cannot be flat. This paradox is resolved in full correspondence with the generally-accepted definitions.
Introduction
Riemannian manifolds are often being specified by explicit form of a metric and range of each coordinate. Since range of each coordinate is fixed regardless of the values of all others, they altogether form a n-dimensional cuboid in the space R n of n-tuples of real numbers. Consequently, this kind of specification provides a n-dimensional cuboid and a metric on it whereas the standard definition reads that Riemannian manifold is a differentiable manifold together with a Riemannian metric [1, 2] . Evidently, the difference between a differentiable manifold and its rectangular pattern in R n specified by the coordinate system is that the latter does not possess the same topology as the earlier. Usually, however, this difference does not reveal because some details of topology of the desired manifold are known from general considerations and others follow from the metric itself. It may happen, however, that some details of structure of a manifold specified this way remain unknown until a special study is made.
Consider the following example. The metric
has been obtained for oblate spheroidal coordinates in the Euclidean 3-space [3, 4] . The ranges of coordinates are given by the inequalities
and the points with ϕ = 0 and ϕ = 2π are identified. Straightforward calculation of the curvature for this metric yields identically zero result, consequently, from formal point of view, the metric (1) is flat. Note that this result is obtained disregard of the range of the coordinate u, therefore, it seems that the space with the metric (1) and ranges of the coordinates given by the inequalities
is flat too. On the other hand, all non-compact Riemannian manifolds are known and classified in standard texts [1, 2] , but this space is not mentioned in the classification. Indeed, this manifold apparently differs from all known flat Riemannian spaces because, at least, it contains two copies of Euclidean 3-space connected through a round disk u = 0. In this work we show that in spite of zero result of straightforward calculation of its curvature, this manifold is non-flat.
2 Euclidean 3-space from the metric (1)
As was pointed out above, the metric (1) has been obtained for a particular coordinare system in the Euclidean 3-space. In this section we consider the inverse problem and will show how to obtain this space from the metric. There exists a simple transformation from the coordinates {u, v, ϕ} to Cartesian coordinates and, thereby, to Euclidean geometry, therefore, it suffices to find, where the lower limit of the coordinate u comes from. To see it, cosider the coordinate surfaces u = const. These surfaces are confocal oblate spheroids. If the lower limit of the coordinate u is some positive number u 0 , then the metric (1) with v and ϕ coordinates ranging as in the inequalities (2) and the inequalities 0 ≤ u 0 ≤ u < ∞ specify the exterior of the spheroid u = u 0 in the Euclidean 3-space. Note that this manifold has boundary and consider its limit when u 0 tends to zero. In this limit the manifold in question becomes the exterior of the infinitesimally thin disk of unit radius specified by the equation u = 0, however, the boundary remains. Now, since the two sides of the disk are just circles of unit radius, they can be identified. As it is done the manifold becomes a Euclidean 3-space, but the coordinate v is not longer a continuous function on it because of the sign changing discontinuity created by identificationof the surfaces u = 0, v < 0 and u = 0, v > 0. Thus, Euclidean 3-space cannot be obtained from the metric (1) alone with the inequalities (2); its topology ust also be spacified by identifying the surfaces just mentioned. Otherwise, putting the lower limit of the coordinate u creates a boundary of the manifold. Consequently, in order to obtain Euclidean 3-space from the metric (1) we must first create a boundary cutting the range of the coordinate u, then remove it identifying its halves, therefore a question arises, what happens if these two operations have not been made. In other words, what manifold is specified by the metric (1) and inequialities (3)?
Evidently, this manifold is complete and, as was pointed out above, straightforward calculation of curvature made in the coordinates {u, v, ϕ} yields identically zero result. Besides, since the coordinate u has no limits the metric (1) and inequalities (2) specify the manifold exhaustively leaving no possibility prescribe any details of its structure.
The meridian surface
The manifold under consideration has one Killing vector ∂ ϕ , and it is natural to first to explore geometry of a typical surface orthogonal to it. The coordinate surfaces ϕ = const are incomplete, because under u = 0 they are half-planes with axis of symmetry as the boundary line. Two half-planes ϕ = ϕ 0 and ϕ = ϕ 0 ± π ≤ 2π together constitute an entire plane orthogonal everywhere to the Killing vector. Hereafter surfaces defined this way are called the meridian surfaces. Now, let us return to the exterior of the disk u = 0, which is a Riemannian manifold with boundary specified by the metric (1) and inequalities (2) without identifying the opposite sides of the disk. Its meridian surface is a plane with straightline cut whose edges are halves of the coordinate line u = 0, on which the coordinate v has opposite sign. Note that a meridian surface of the Riemannian manifold specified by the metric (1) and inequalities (3) contains two copies of the the surface just considered, on which the coordinate u has opposite sign, and their boundaries are eliminated by identifying the edges of the cuts. In other words, the arc u = 0, v < 0 of one copy is identified with the arc u = 0, v < 0 of another, and so for v > 0. Note that on this surface the coordinate v is a continuous function.
Surprizingly, the manifold defined such an artificial way is, in fact, nothing but a kind of quadric surface. Indeed, consider an elliptical hyperboloid of one sheet. In standard Cartesian coordinates it can be expressed by the equation
Metric of this surace has the form
where u > 0, −a 2 < w < −b 2 [5, 6] . Note that the section of the hyperboloid with the plane z = 0 is the ellipse x
Now, pass to the limit b → 0, under which the parameter λ also takes the zero value. The ellipse in the z = 0 plane turna into a straightline segment, consequently, the resulting surface becomes similar to the meridian surface considered above. The metric (4) becomes
Now, the substitutions u = a 2 sinh 2 ζ, w = −a 2 sin 2 η transforms it into the following:
that under a = 1 coincides with the first term in the right-hand side of the equation (1). Consequently, the meridian surface obtained above by the cut-and-paste procedure applied to two planes is the limiting case of elliptical hyperboloid just considered. This fact seems to be surprizing because, on one hand, the metric obtained for the hyperboloid of this kind is known to be flat whereas hyperboloids are non-flat manifolds. Curvature of one-sheet hyperboloid is concentrated mainly in the throat and in the limiting case under consideration the throat still presents, though in a somewhat unusual form. To explain this phenomenon, consider the endpoints of the cuts made on both planes alone the coordinate line u = 0. It is seen that after identifying the edges of the cuts these two points become special ones. If we try to introduce polar coordinates {ρ, θ} on the surface with the pole in one of them we have to let the angle θ range from 0 to 4π instead of 2π. Evidently, the pole is a saddle reduced to a single point, and, since the angular defect is exactly −2π, the curvature of the surface in its neighborhood is −δ(ρ)/2ρ because measure of surface integration here is ρdρdθ and θ runs from 0 to 4π. In the coordinates {u, v} this gives:
(note that the coordinate v runs from −π/2 to π/2 twice).
A space with a loop-based wormhole
Now we return to the Riemannian manifold specified by the metric (1) and the ranges of the coordinates (3) and summarize its geometric properties. The manifold has rotational symmetry and admits a foliation whose leaves are orthogonal everywhere to the Killing vector. A typical leaf of the folation is a limiting case of elliptic hyperboloid of one sheet, whose throat is reduced to a straightline segment. The manifold consists of two copies of Euclidean 3-space connected through the round disk formed by rotation of the segment. Any straightline which crosses the disk passes from one copy of Euclidean 3-space to another, and all the rest ones lie wholly in only one of them. This phenomenon and the curvature singularity are known in general relativity as a loop-based wormhole. It was described in the book [7] as follows. 
Here the term "loop" stands for the edge of the disk and has coordinates u = v = 0. Note that the manifold has two axes of symmetry whose points remain immobile under the actions of the Killing vector and each of them crosses the disk, thus belongs to both copies of the Euclidean 3-space.
Conclusion
As the preceding sections made clear, the manifold specified by the metric (1) and inequalities (3) is flat everywhere but the focal circle of the coordinate system{u, v, ϕ}. Though straightforward calculation of the curvature from the metric yields zero result, the manifold is neither flat nor smooth. Its structure can be seen from that of a typical surface which is orthogonal everywhere to the only Killing vector ∂ ϕ . This surface is a limiting case of elliptic hyperboloid of one sheet, whose throat is reduced to a straightline segment. Alternatively, this surface can be represented as the result of cut and paste procedure applied to a pair of planes as described in the section 3. The endpoints of the segment are saddles in which the curvature has a δ-function singularity. The structure of the entire manifold, in which the segment draws a round disk, inherites features of this surface. It consists of two copies of Euclidean 3-space connected through the (doubled) disk the same way as two copies of plane are connected via the (doubled) segment, and the edge of the disk (not doubled) is the support of the curvature of the manifold. The Riemannian curvature has only one non-zero component given by the equation (5), which, however, does not follow straightforwardly from the form of mentric (1) .
The form of metric does not expose any non-zero curvature because, on one hand, the curvature is presented by a δ-function singularity, and, on the other hand, its support coincides with the singularity of the coordinate system which is the focal circle u = v = 0 (note that this curve is the zero of the metric determinant). It must be emphasized that this example does not contradict the generally-accepted definition of flat Riemannian manifold [1] . Indeed, the definition requires that the curvature vanishes identically whereas in this case it does only in a particular coordinate system. Acknowledgment: The author thanks the Third World Academy of Sciences for financial support and IUCAA for warm hospitality which made this work possible.
